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Abstract
In the framework of constrained systems, we give the classical Hamiltonian formu-
lation of slave-particle models and their correct quantization. The electron-momentum
distribution function in the t-J and Hubbard models is then studied in the framework of
slave-particle approaches and within the decoupling scheme. We show that criticisms that
have been addressed in this context coming from a violation of the sum rule for the physical
electron are not valid. Due to the correct quantization rules for the slave-particles, the
sum rule for the physical electron is indeed obeyed, both exactly and within the decoupling
scheme.
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I - Introduction
Several strongly correlated fermionic systems such as liquid 3He, heavy-fermion com-
pounds, high-Tc superconductors, and Kondo systems are the subject of intense theoretical
as well as experimental interest. The Hubbard model, originally introduced to describe
correlation effects in narrow d-band materials, has been put forward as a possible key to
the understanding of high-Tc oxide superconductivity [1] .
Describing electrons on a lattice with one orbital per site, the Hubbard Hamiltonian :
Hˆ =
∑
ij,σ
tij cˆ
†
iσ cˆjσ + U
∑
i
nˆiσnˆi(−σ) (1)
includes a kinetic hopping term tij between different sites and an on-site Coulomb repul-
sion U between electrons of different spin. The operator cˆiσ annihilates an electron of
spin σ at site i and the occupation number operator is nˆiσ = cˆ
†
iσ cˆiσ .
Of particular interest is the strong-coupling regime where an effective Hamiltonian of
the Hubbard model with nearest-neighbor hopping is the t-J model Hamiltonian [2] :
Hˆ = t
∑
<ij>,σ
(cˆ†iσ cˆjσ + h.c.) + J
∑
<ij>
( ~ˆSi · ~ˆSj −
1
4 nˆi nˆj) (2)
( with J = 4t2/U and ~ˆSi =
1
2
∑
αβ
cˆ†iα~σαβ cˆiβ )
The on-site Coulomb repulsion there is very large as compared with the electron-hopping
energy, and therefore when there is less than half filling the system will avoid configuration
with doubly occupied sites. One has thus the constraint :
∑
σ
cˆ†iσ cˆiσ ≤ 1 (3)
Apart from numerical approaches, a popular analytical approach to the t-J model
is the slave-particle theory [3] where for instance in the slave-fermion representation the
electron operator cˆ†iα is written as cˆ
†
iα = bˆ
†
iα fˆi , with f the slave fermion and bα a
boson. Instead of the constraint of Eq. (3) , which is difficult to handle, one considers the
a priori more convenient slave-particle constraint avoiding double occupancy at site i :
fˆ †i fˆi +
∑
α
bˆ†iαbˆiα = 1 (4)
With the boson operator bˆ†iα keeping track of the spin and the fermion operator fˆ
†
i
keeping track of the charge, this formalism is well adapted to study the problem of the
decoupling of spin and charge degrees of freedom in the large-U- limit Hubbard model. This
decoupling, characteristic of Luttinger liquids, appears to occur in 1D [4], the situation
being still confused in 2D. At the mean field level, spinons and holons, the elementary
1
spin and charge excitations, may be separated in this formalism but are strongly coupled
beyond the mean-field approximation.
Such slave-particle approaches are usually studied in a functional integral (over co-
herent states of Fermi and Bose fields) representation of the partition function, the slave-
particle constraints being enforced by functional integration over Lagrange multipliers.
However one may wonder what happens within a direct operator quantum approach
of such slave-particle theories. Indeed, sum rules, coming from operator commutation
relations, for spectral functions of the boson and fermion were used recently in Ref. [5] in
a study of the electron-momentum distribution function in the t-J model in the framework
of the slave-particle approach and within the decoupling scheme for the electron Green’s
function. It was claimed there that the sum rule for the physical electron was not obeyed
within this framework and correspondingly that the electron Fermi surface (EFS) was not
explained. However it happens that the operator commutation relations used in Ref. [5] for
the slave fermion and boson were the usual naive ones, i.e. the same as if the slave- particle
constraint was not present. One then can question the use of such operator commutation
relations in a slave-particle approach.
In this paper, we study the direct operator approach of such slave-particle theories. In
Sec. II, we present at the classical level the consistent Hamiltonian formulation of models
having a slave-particle constraint for their fields. We show in Sec. III at the quantum level,
for the slave-fermion and the slave-boson representations of the t-J model, the modifications
in the sum rules for the slave particles coming from the fact that the correct canonical
relations compatible with the constraints are not the naive ones. We present in Sec. IV
a direct explicit operator quantization of the slave-particle approaches of the t-J model
which confirms the results obtained in Sec. III . In Sec. V, we extend our analysis to a
slave-boson representation which has been introduced [6] for the finite-U Hubbard model.
Sec. VI summarizes our conclusions, and an Appendix presents calculations omitted for
clarity in Sec. II.
II - Hamiltonian formulation for slave models
Let us consider the general classical Lagrangian (written in real time) for n bosons
bα and m fermions fα (Grassmann variables) on a lattice :
L = i
∑
i,α
b†iα∂tbiα + i
∑
i,σ
f †iσ∂tfiσ +X(b
†, b, f †, f) +
∑
i
Λi (
∑
α
b†iαbiα +
∑
σ
f †iσfiσ − 1 )
(5)
bosons and fermions being submitted to the slave- particle constraint at each site i :
Φi ≡
∑
α
b†iαbiα +
∑
σ
f †iσfiσ − 1 = 0 (6)
One shows in the Appendix that, after an a` la Dirac treatment [7], one gets an
Hamiltonian formalism with the non zero brackets :{
biα, b
†
jβ
}
= − i δijδαβ
{
fiσ, f
†
jτ
}
= − i δijδστ {Λi,Πj} = δij (7)
2
but with the first class [7-9] constraints :
Φi ≈ 0 and Πi ≈ 0 (8)
where, following Dirac, first class means here {Φi,Πi} ≈ 0 and where the symbol ≈ 0
(weakly zero) means that one has to set the constraints only after computing all the
brackets. We use graded Poisson-Dirac brackets [9] such that for instance :
{B,A} = − (−1)ab {A,B} {A,BC} = {A,B}C + (−1)ab B {A,C} (9)
where a = 0 if A is a bosonic quantity and a = 1 if A is a fermionic quantity.
The role of the first class constraints is to generate infinitesimal contact transforma-
tions (that we shall call as usual [8] gauge transformations) in the Hamiltonian formalism
that do not affect the physical state of the system. We have here for the non-zero brackets
of the fundamental variables with the first class constraints :
{biα,Φj} = − i biαδij
{
b†iα,Φj
}
= + i b†iαδij (10)
{fiσ,Φj} = − i fiσδij
{
f †iσ,Φj
}
= + i f †iσδij (11)
{Λi,Πj} = δij (12)
which means that the gauge transformations are b→ e−iθb , b† → eiθb† , f → e−iθf , f † →
eiθf † , Λ→ Λ+ a , Π→ Π .
The standard strategy [8] is then to fix the gauge by choosing explicit forms for each
gauge and imposing them as constraints not following from the Lagrangian. The choice of
gauges should be made in such a way that the constraints Φi and Πi will cease to be
first class. It happens that a convenient choice here is the linear one :
Φ′i ≡
∑
α
( Giαbiα + G
†
iαb
†
iα ) +
∑
σ
( Hiσfiσ − H
†
iσf
†
iσ ) +Ki ≈ 0 (13)
Λi ≈ 0 (14)
where the G ’s, the K ’s and the (Grassmannian) H ’s are parameters.
We have then for the non-zero brackets of the fundamental variables with these gauge
fixing constraints :
{
biα,Φ
′
j
}
= − i G†iαδij
{
b†iα,Φ
′
j
}
= + i Giαδij (15){
fiσ,Φ
′
j
}
= − i H†iσδij
{
f †iσ,Φ
′
j
}
= + i Hiσδij (16)
{Πi,Λj} = − δij (17)
and we obtain the bracket of the slave-particle constraint with its gauge fixing constraint
as :
{
Φi,Φ
′
j
}
= i
[∑
α
( Giαbiα − G
†
iαb
†
iα ) +
∑
σ
( Hiσfiσ + H
†
iσf
†
iσ )
]
δij ≡ i Di δij (18)
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which is not weakly zero.
Let us note that the Hamiltonian (see the Appendix) is now :
H3 = −X(b
†, b, f †, f)−
∑
i
(xi − Λi) (
∑
α
b†iαbiα +
∑
σ
f †iσfiσ − 1 ) +
∑
i
Πiwi (19)
where the first class constraints coefficients x and w (which are in H3 independent of the
fields) are determined by the requirement that the time derivative of the gauge fixing
constraints is weakly zero :
{Φ′i, H3} = i
∑
α
(Giα
∂X
∂b†iα
− G†iα
∂X
∂biα
) + i
∑
σ
(Hiσ
∂X
∂f †iσ
− H†iσ
∂X
∂fiσ
)− i (xi−Λi) Di ≈ 0
(20)
{Λi, H3} = wi ≈ 0 (21)
Defining ϕ1 ≡ Φi , ϕ2 ≡ Φ
′
i , ϕ3 ≡ Πi , ϕ4 ≡ Λi , the matrix Cab ≡ {ϕa, ϕb}
is non singular and all the constraints are now second class [7-9]. Systematic use of the
standard Dirac bracket [7] of two quantities A and B :
{A,B}∗ ≡ {A,B} −
∑
a,b
{A,ϕa} (C
−1)ab {ϕb, B} (22)
then allows one to set all these second class constraints strongly to zero because the Dirac
bracket of anything with a second class constraint vanishes.
We thus obtain the correct classical non zero canonical relations for slave-particle
models, compatible with the constraints :
i
{
biα, b
†
jβ
}
∗
= [ δαβ − ( Giβbiα − G
†
iαb
†
iβ )/Di ] δij (23)
i
{
b†iα, b
†
jβ
}
∗
= [ ( Giβb
†
iα − Giαb
†
iβ )/Di ] δij (24)
i
{
biα, bjβ
}
∗
= [ ( G†iβbiα − G
†
iαbiβ )/Di ] δij (25)
i
{
fiσ, f
†
jτ
}
∗
= [ δστ + ( Hiτfiσ + H
†
iσf
†
iτ )/Di ] δij (26)
i
{
f †iσ, f
†
jτ
}
∗
= − [ ( Hiτf
†
iσ + Hiσf
†
iτ )/Di ] δij (27)
i
{
fiσ, fjτ
}
∗
= − [ ( H†iτfiσ + H
†
iσfiτ )/Di ] δij (28)
i
{
fiσ, b
†
jα
}
∗
= − [ ( Giαfiσ − H
†
iσb
†
iα )/Di ] δij (29)
i
{
f †iσ, bjα
}
∗
= − [ ( G†iαf
†
iσ − Hiσbiα )/Di ] δij (30)
i
{
f †iσ, b
†
jα
}
∗
= [ ( Giαf
†
iσ − Hiσb
†
iα )/Di ] δij (31)
i
{
fiσ, bjα
}
∗
= [ ( G†iαfiσ − H
†
iσbiα )/Di ] δij (32)
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It is then clear, as we shall explicitly show below, that a correct operator quantization of
such slave-particle models must be based on these new canonical relations, and not on the
naive ones of Eq. (7) which are not compatible with the constraints.
Let us note that we have {Πi,Λi}∗ = {Πi,Πi}∗ = {Λi,Λi}∗ = 0 indeed compatible
with the constraints Πi = Λi = 0 . On the other hand the Hamiltonian is finally :
H4 = −X(b
†, b, f †, f) (33)
and we have consistently for example {biα, H3} = {biα, H4}∗ since :
{biα, H3} = i
∂X
∂b†iα
− i (xi − Λi)biα (34)
{biα, H4}∗ = i
∂X
∂b†iα
− i
biα
Di

∑
β
(Giβ
∂X
∂b†iβ
− G†iβ
∂X
∂biβ
) +
∑
σ
(Hiσ
∂X
∂f †iσ
−H†iσ
∂X
∂fiσ
)

(35)
which are indeed equal using Eq. (20).
One may wonder at this stage about what happens for the classical version of the
Sl(1 |2) superalgebra obeyed in the t-J model [10] by the Hubbard [11] operators Xabi :[
Xabi , X
cd
j
]
±
= (Xadi δbc ±X
cb
i δad) δij with X
00
i +
∑
α
Xααi = 1 (36)
which opens the way for a supersymmetric t-J model [10] and which is verified in the
literature within a slave representation using the naive canonical relations. In fact, taking
for instance in the t-J model the slave-fermion representation c†iα = b
†
iα fi of the electron
field c†iα which corresponds to X
α0
i , the Sl(1 |2) superalgebra is obeyed using either
the naive initial brackets of Eq. (7) or the Dirac brackets of Eqs. (23-32). For example
one has :
i
{
c†iα, cjβ
}
= i
{
c†iα, cjβ
}
∗
= [ b†iαbiβ + f
†
i fi δαβ ] δij (37)
where b†iαbiβ corresponds to X
αβ
i and f
†
i fi to X
00
i . The reason for this property
is that the Dirac bracket of any two gauge invariant quantities is the same as their ini-
tial bracket. As all the generators of the Sl(1 |2) superalgebra are gauge invariant, it is
licit to use the initial brackets of the b’s and f’s to compute the Dirac brackets of these
generators. One must however realize that this property is valid only for gauge invariant
quantities. At the quantum level, a proper quantization should inherit the same prop-
erty for (anti)commutators of gauge invariant quantities, but not for products of these
quantities. Let us also note that, using the slave-particle constraint, one has from Eq.(37):
∑
α
i
{
c†iα, cjα
}
=
∑
α
i
{
c†iα, cjα
}
∗
= [ 1 + f †i fi ] δij (38)
a relation that we shall recover below in a sum rule at the quantum level.
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III - Modifications of the naive sum rules for the slave t-J models
As mentioned in the Introduction, it has been stressed in the literature [5] that a study
of the electron-momentum distribution function in the t-J model in the framework of the
slave-particle approach and within the decoupling scheme would give rise to a violation of
the sum rule of electron number. However, to obtain this result, sum rules for the slave
particles using quantization of the naive relations of Eq. (7) were used. On the contrary
we shall show in this Section that starting from the correct canonical relations compatible
with the constraints produces modifications in these sum rules for the slave particles in
such a way that the sum rule of electron number is indeed obeyed. Though we shall present
in the next Section a direct explicit quantization which confirms this result, we think that
it is important for the clarity of the exposition to see here the simple structure of these
modifications in the sum rules.
a) The slave-fermion representation
Let us consider in the t-J model the slave-fermion representation cˆ†iα = bˆ
†
iα fˆi of the
electron operator cˆ†iα , with the slave-particle constraint avoiding double occupancy at
site i :
fˆ †i fˆi +
∑
α
bˆ†iαbˆiα = 1 (39)
As in Ref. [5], we assume that there is no Bose condensation of spinons i.e. the temperature
of the system is 0+ . The hole-doping concentration δ is given by δ =
〈
fˆ †i fˆi
〉
.
For discussing the electron-momentum distribution function, the Matsubara electron
Green’s function in imaginary time [12,13] :
Eα(r, τ) = −
〈
Tτ ( fˆ
†
i (τ) bˆiα(τ) bˆ
†
jα(0) fˆj(0) )
〉
(r = i− j) , (40)
where 〈 ... 〉 means the thermodynamical average, was considered in Ref. [5] within the
decoupling approximation written on Fourier transform :
Eα(k, ωn) =
1
N
∑
q
1
β
∑
ωm
F (q, ωm) Bα(q + k, ωm + ωn) (41)
F is the Green’s function for the slave- fermion f and Bα is the Green’s function for the
boson bα . Introducing the Lehmann’s spectral representations :
EαF
Bα

 (k, ωn) =
∫ +∞
−∞
dω
2pi

AeαAf
Abα

 (k, ω) 1
(iωn − ω)
(42)
one easily obtains the electron spectral function as :
Aeα(k, ω) =
1
N
∑
q
∫ +∞
−∞
dω′
2pi Af (q, ω
′)Abα(q + k, ω + ω
′) [nF (ω
′) + nB(ω + ω
′) ] (43)
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where nF and nB are respectively the Fermi and Bose distribution functions. Using the
expressions for the numbers of slave- fermions, bosons and electrons in state q :
nf (q) =
∫ +∞
−∞
dω
2pi nF (ω)Af(q, ω) nbα(q) =
∫ +∞
−∞
dω
2pi nB(ω)Abα(q, ω)
ne(q) =
∑
α
∫ +∞
−∞
dω
2pi nF (ω)Aeα(q, ω) , (44)
the identity : nF (ω) [nF (ω
′) + nB(ω + ω
′) ] = nB(ω + ω
′) [ 1 − nF (ω
′) ] , and the sum
rules :∫ +∞
−∞
dω
2pi
Af (q, ω) =
〈 [
fˆq, fˆ
†
q
]
+
〉 ∑
α
∫ +∞
−∞
dω
2pi
Abα(q, ω) =
〈∑
α
[
bˆqα, bˆ
†
qα
]
−
〉
(45)
one obtains the sum rule for the electron spectral function :
∑
α
∫ +∞
−∞
dω
2pi Aeα(k, ω)
= 1
N
∑
q
nf (q)
〈∑
α
[
bˆ(q+k)α, bˆ
†
(q+k)α
]
−
〉
+ 1
N
∑
q,α
nbα(q + k)
〈 [
fˆq, fˆ
†
q
]
+
〉
(46)
and the expression for the number of electrons in state k :
ne(k) =
1
N
∑
q,α
nbα(q + k)
〈 [
fˆq, fˆ
†
q
]
+
〉
− 1
N
∑
q,α
nbα(q + k) nf (q) (47)
Let us make the remark, not mentioned in Ref. [5] , that the last equation can in fact
be directly derived from the very definition of the decoupling approximation :
Eα(r, τ) = Bα(r, τ) F (−r,−τ) (48)
where we used :〈
Tτ ( bˆiα(τ) bˆ
†
jα(0) )
〉
= − Bα(r, τ)
〈
Tτ ( fˆ
†
i (τ) fˆj(0) )
〉
= F (−r,−τ) (49)
Then, with η → 0+ [12] , one has :
ne =
1
N
∑
i,α
Eα(0,−η) =
1
N
∑
i,α
Bα(0,−η) F (0, η) =
1
N
∑
i
(
∑
α
〈
bˆ†iαbˆiα
〉
)
〈
fˆifˆ
†
i
〉
(50)
using Bα(0,−η) = −
〈
bˆ†iαbˆiα
〉
and F (0, η) = −
〈
fˆifˆ
†
i
〉
. This gives in Fourier transform:
ne(k) =
1
N
∑
q,α
B(q+k)α(−η) Fq(η) =
1
N
∑
q,α
〈
bˆ†(q+k)αbˆ(q+k)α
〉 〈
fˆq fˆ
†
q
〉
(51)
7
expression which, using the anticommutator of the fermion, can immediately be written
in the form of Eq. (47) .
The problem now is to evaluate the thermodynamical average of the commutator
and anticommutator entering in these expressions. Using the quantization from the Dirac
brackets :
i {A,B}∗ →
[
Aˆ, Bˆ
]
±
(52)
one obtains from our results Eqs. (23) and (26) of the preceding Section the form of the
commutator and anticommutator at equal times :[
bˆiα, bˆ
†
jα
]
−
= ( 1− Θˆiα ) δij
[
fˆi, fˆ
†
j
]
+
= ( 1 + Θˆi ) δij (53)
where we have introduced the Θˆ operators defined through the quantizations :
( Giαbiα− G
†
iαb
†
iα )/Di ≡ Θiα → Θˆiα ( Hifi+ H
†
i f
†
i )/Di ≡ Θi → Θˆi (54)
Let us note that the definition of Di from Eq. (18) gives by quantization the relation :∑
α
Θˆiα + Θˆi = 1 (55)
With Θˆn =
∑
p e
ipn Ξˆp and Θˆnα =
∑
p e
ipn Ξˆpα , it follows that :〈 [
fˆq, fˆ
†
q
]
+
〉
= 1 +
〈
Ξˆ0
〉
(56)〈∑
α
[
bˆ(q+k)α, bˆ
†
(q+k)α
]
−
〉
= 2−
〈∑
α
Ξˆ0α
〉
= 1 +
〈
Ξˆ0
〉
(57)
Since with the hole-doping concentration δ one has :
1
N
∑
q
nf (q) = δ
1
N
∑
q,α
nbα(q) = 1− δ (58)
one obtains the following results :
∑
α
∫ +∞
−∞
dω
2pi
Aeα(k, ω) = 1 +
〈
Ξˆ0
〉
(59)
ne(k) = (1− δ) ( 1 +
〈
Ξˆ0
〉
) − 1
N
∑
q,α
nbα(q + k) nf (q) (60)
1
N
∑
k
ne(k) = (1− δ) ( 1 +
〈
Ξˆ0
〉
− δ ) (61)
One then sees clearly the modifications of the sum rules and of the results of Ref. [5]
coming from the presence of the Θˆ ’s in the correct canonical relations. The main point
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is that our results show that one indeed obtains the expected result that, if δ holes are
introduced into the half-filled system, the total electron number per site would be (1−δ) ,
instead of the (1− δ)2 found in Ref. [5] .
In fact, from the quantization of Eq. (38) at the end of the preceding Section, the
sum rule for the electron spectral function must be :
∑
α
∫ +∞
−∞
dω
2pi Aeα(q, ω) =
〈∑
α
[
cˆqα, cˆ
†
qα
]
+
〉
= 1 + 1
N
∑
k
〈
fˆ †k fˆk
〉
= 1 + δ (62)
being unchanged with respect to Ref. [5]. Comparing with Eq. (59), this gives :〈
Ξˆ0
〉
= δ (63)
From our results, the expected sum rule of the electron number is indeed recovered with〈
Ξˆ0
〉
= δ , since 1
N
∑
k ne(k) = (1− δ) ( 1 +
〈
Ξˆ0
〉
− δ ) = (1− δ) . However this does
not guarantee the existence of an EFS within the decoupling scheme in the slave-fermion
approach of the t-J model, and the arguments of Ref. [5] against an EFS still apply.
The electron operator anticommutator furthermore shows that one has not only the
average equality
〈
Θˆi
〉
=
〈
Ξˆ0
〉
= δ but also the operator equality Θˆi = fˆ
†
i fˆi : on
one hand quantization of Eq. (38) gives
∑
α
[
cˆiα, cˆ
†
iα
]
+
= 1 + fˆ †i fˆi , while on the other
hand one gets by expressing each term of the anticommutator with the boson and fermion
operators∑
α
[
cˆiα, cˆ
†
iα
]
+
= 1 + fˆ †i fˆi +
∑
α
bˆ†iα(Θˆi − fˆ
†
i fˆi)bˆiα + fˆ
†
i (Θˆi − fˆ
†
i fˆi)fˆi (64)
effectively leading to a consistent quantization expressed by Θˆi = fˆ
†
i fˆi .
b) The slave-boson representation
Our analysis of the t-J model in the slave-boson representation cˆ†iσ = fˆ
†
iσ bˆi of the
electron operator cˆ†iσ , with the slave-particle constraint avoiding double occupancy at
site i :
bˆ†i bˆi +
∑
σ
fˆ †iσ fˆiσ = 1 (65)
follows along the same lines. As in Ref. [5], we assume that there is no Bose condensation
of holons. The hole-doping concentration δ is given by δ =
〈
bˆ†i bˆi
〉
.
The Matsubara electron Green’s function in imaginary time :
Eσ(r, τ) = −
〈
Tτ ( bˆ
†
i (τ) fˆiσ(τ) fˆ
†
jσ(0) bˆj(0) )
〉
(66)
within the decoupling approximation written on Fourier transform reads :
Eσ(k, ωn) = −
1
N
∑
q
1
β
∑
ωm
B(q, ωm − ωn) Fσ(q + k, ωm) (67)
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and the electron spectral function is :
Aeσ(k, ω) =
1
N
∑
q
∫ +∞
−∞
dω′
2pi Ab(q, ω
′ − ω)Afσ(q + k, ω
′) [nF (ω
′) + nB(ω
′ − ω) ] (68)
Using the identity nF (ω) [nF (ω
′)+nB(ω
′−ω) ] = nF (ω
′) [ 1+nB(ω
′−ω) ] and the sum
rules analogous to Eq. (45) , one obtains the sum rule for the electron spectral function :
∑
σ
∫ +∞
−∞
dω
2pi Aeσ(k, ω)
= 1
N
∑
q
nb(q)
〈∑
σ
[
fˆ(q+k)σ, fˆ
†
(q+k)σ
]
+
〉
+ 1
N
∑
q,σ
nfσ(q + k)
〈 [
bˆq, bˆ
†
q
]
−
〉
(69)
and the expression for the number of electrons in state k :
ne(k) =
1
N
∑
q,σ
nfσ(q + k)
〈 [
bˆq, bˆ
†
q
]
−
〉
+ 1
N
∑
q,σ
nfσ(q + k) nb(q) (70)
Again, the last equation can in fact be directly derived from the very definition of the
decoupling approximation :
Eσ(r, τ) = − Fσ(r, τ) B(−r,−τ) (71)
where we used :〈
Tτ ( fˆiσ(τ) fˆ
†
jσ(0) )
〉
= − Fσ(r, τ)
〈
Tτ ( bˆ
†
i (τ) bˆj(0) )
〉
= − B(−r,−τ) (72)
Then, with η → 0+ , one has :
ne =
1
N
∑
i,σ
Eσ(0,−η) = −
1
N
∑
i,σ
Fσ(0,−η) B(0, η) =
1
N
∑
i
(
∑
σ
〈
fˆ †iσ fˆiσ
〉
)
〈
bˆibˆ
†
i
〉
(73)
using Fα(0,−η) = +
〈
fˆ †iσfˆiσ
〉
and B(0, η) = −
〈
bˆibˆ
†
i
〉
. This gives in Fourier
transform :
ne(k) = −
1
N
∑
q,σ
F(q+k)σ(−η) Bq(η) =
1
N
∑
q,σ
〈
fˆ †(q+k)σfˆ(q+k)σ
〉 〈
bˆq bˆ
†
q
〉
(74)
expression which, using the commutator of the boson, can immediately be written in the
form of Eq. (70) .
Now, with the quantizations :
( Gibi − G
†
i b
†
i )/Di → Θˆi ( Hiσfiσ + H
†
iσf
†
iσ )/Di → Θˆiσ
∑
σ
Θˆiσ + Θˆi = 1
(75)
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one obtains from our results of the preceding Section the relations at equal times :
[
bˆi, bˆ
†
j
]
−
= ( 1− Θˆi ) δij
[
fˆiσ, fˆ
†
jσ
]
+
= ( 1 + Θˆiσ ) δij (76)
and with the same notations as above :
〈 [
bˆq, bˆ
†
q
]
−
〉
= 1−
〈
Ξˆ0
〉
(77)〈∑
σ
[
fˆ(q+k)σ, fˆ
†
(q+k)σ
]
+
〉
= 2 +
〈∑
α
Ξˆ0α
〉
= 3−
〈
Ξˆ0
〉
(78)
Inserting these results in Eqs. (69) and (70), one finally gets :
∑
σ
∫ +∞
−∞
dω
2pi Aeσ(k, ω) = 1 + 2 δ −
〈
Ξˆ0
〉
(79)
ne(k) = (1− δ) ( 1−
〈
Ξˆ0
〉
) + 1
N
∑
q,σ
nfσ(q + k) nb(q) (80)
1
N
∑
k
ne(k) = (1− δ) ( 1−
〈
Ξˆ0
〉
+ δ ) (81)
Again, one sees clearly the modifications of the sum rules and of the results of Ref.
[5] coming from the presence of the Θˆ ’s in the correct canonical relations and that with :
〈
Ξˆ0
〉
= δ (82)
one has the correct sum rules for the electron spectral function :
∑
σ
∫ +∞
−∞
dω
2pi Aeσ(q, ω) = 1 + δ (83)
and for the electron number :
1
N
∑
k
ne(k) = (1− δ) [ instead of the (1− δ
2) found in Ref. [5] ] (84)
However this does not guarantee the existence of an EFS within the decoupling scheme in
the slave-boson approach of the t-J model, and the arguments of Ref. [5] against an EFS
still apply.
Furthermore the same arguments as above lead, using the electron operator anticom-
mutator, to the operator equality Θˆi = bˆ
†
i bˆi .
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IV - Explicit quantization of the slave-particle approaches of the t-J model
In the preceding Section, it was shown that the expected sum rules for the electron
spectral function and for the electron number are indeed found in the slave-particle ap-
proaches of the t-J model due to the fact that
〈
Θˆi
〉
=
〈
Ξˆ0
〉
= δ , the operator Θˆi
being the new term which is present in the canonical relation of the slave particle when
one quantizes the correct (Dirac) brackets compatible with the constraints.
We furthermore proved using the electron operator anticommutator that Θˆi was
the slave particle number operator. We shall show in this Section that a direct explicit
operator quantization of the slave-particle approaches of the t-J model effectively confirms
this result without invoking the electron operator.
a) The slave-fermion representation
Let us first take the slave-fermion case, where we obtain from the results of Section
II: [
fˆi, fˆ
†
j
]
+
= ( 1 + Θˆi ) δij
[
bˆiα, bˆ
†
jα
]
−
= ( 1− Θˆiα ) δij (85)
where (cf. Eqs. (53) and (54)) the Θˆ ’s correspond to the quantizations :
( Hifi + H
†
i f
†
i )/Di → Θˆi ( Giαbiα − G
†
iαb
†
iα )/Di → Θˆiα (86)
However, since Di ≡
∑
α ( Giαbiα − G
†
iαb
†
iα )+( Hifi+ H
†
i f
†
i ) , the explicit expressions
of the Θˆ operators in terms of the operators of the fermion and bosons are a priori not
obvious. We shall now obtain these expressions through the structure of the Fock space.
From the slave-particle constraint :
fˆ †i fˆi +
∑
α
bˆ†iαbˆiα = 1 (87)
the operators fˆ †i fˆi and bˆ
†
iαbˆiα must be particle-number operators satisfying :
(fˆ †i fˆi)
2 = fˆ †i fˆi and (bˆ
†
iαbˆiα)
2 = bˆ†iαbˆiα (88)
Now it follows from Eq. (85) that :
(fˆ †i fˆi)
2 = fˆ †i fˆi − fˆ
†
i (fˆ
†
i fˆi − Θˆi)fˆi (bˆ
†
iαbˆiα)
2 = bˆ†iαbˆiα + bˆ
†
iα(bˆ
†
iαbˆiα − Θˆiα)bˆiα (89)
and a consistent quantization is thus :
Θˆi = fˆ
†
i fˆi Θˆiα = bˆ
†
iαbˆiα (90)
which from Eq. (85) leads to the relations :
fˆifˆ
†
i = 1 bˆiαbˆ
†
iα = 1 (91)
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We will show below that the dimension of the Fock space at site i is in fact infinite (but
without contradiction with the non double electron-occupancy at site i ). Thus Eqs. (91)
are consistent with the fact that the particle-number operators are not unity. Let us remark
that we have consistently, in accordance with Eqs. (55) and (87), :
Θˆi +
∑
α
Θˆiα = fˆ
†
i fˆi +
∑
α
bˆ†iαbˆiα = 1 (92)
On the other hand, the fundamental Dirac brackets compatible with the constraints
given by Eqs. (23-32) lead to the following expressions :
i
{
b†iα, f
†
i fi
}
∗
= b†iαΘi (93)
i
{
f †i , b
†
iαbiα
}
∗
= f †i Θiα (94)
i
{
b†iα, b
†
iβbiβ
}
∗
= − b†iβ δαβ + b
†
iαΘiβ (95)
Quantizing these expressions with the same ordering of operators gives via Eqs. (90) and
(91) :
fˆ †i fˆi bˆ
†
iα = bˆ
†
iα (fˆ
†
i fˆi − Θˆi) = 0 and thus fˆi bˆ
†
iα = 0 (96)
bˆ†iαbˆiαfˆ
†
i = fˆ
†
i (bˆ
†
iαbˆiα − Θˆiα) = 0 and thus bˆiαfˆ
†
i = 0 (97)
bˆ†iβ bˆiβ bˆ
†
iα = bˆ
†
iα (bˆ
†
iβ bˆiβ − Θˆiβ) + bˆ
†
iβ δαβ and thus bˆiβ bˆ
†
iα = δαβ (98)
Using all our results, one easily verifies that the operators fˆ †i fˆi and bˆ
†
iαbˆiα are indeed
particle-number operators : for example fˆ †i fˆi acting on the fermion state fˆ
†
i |0〉 at site
i has eigenvalue 1 and acting on the two boson states bˆ†iα |0〉 at site i has eigenvalue 0 .
One can check the consistency of our quantization : for example quantizing the ex-
pression
i
{
b†iα, biβb
†
iβ
}
∗
= − b†iβ δαβ +Θiβ b
†
iα (99)
with the same ordering of operators gives :[
bˆ†iα, bˆiβ bˆ
†
iβ
]
−
=
[
bˆ†iα, 1
]
−
= 0 (100)
= − bˆ†iβ δαβ + bˆ
†
iβ bˆiβ bˆ
†
iα = − bˆ
†
iβ δαβ + bˆ
†
iβ δαβ = 0 (101)
Through an explicit operator quantization of the slave-fermion approach of the t-J
model we have thus obtained, at site i , :
fˆi fˆ
†
i = 1 bˆiαbˆ
†
iβ = δαβ fˆi bˆ
†
iα = 0 bˆiαfˆ
†
i = 0 (102)
or in other words :[
fˆi, fˆ
†
j
]
+
= ( 1 + fˆ †i fˆi ) δij
[
bˆiα, bˆ
†
jβ
]
−
= ( δαβ − bˆ
†
iβ bˆiα ) δij (103)[
fˆi, bˆ
†
jα
]
−
= − bˆ†iαfˆi δij
[
bˆiα, fˆ
†
j
]
−
= − fˆ †i bˆiα δij (104)
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Looking in the same way as above at the quantization of the classical canonical relations
involving only creators or annihilators, we found either no informations or identities. Such
relations might thus be only identities at the quantum level. The results of Eq. (102) will
however be sufficient for the purposes of this paper.
In fact, as a consequence of this study we directly recover the expressions :
Θˆi = fˆ
†
i fˆi
〈
Θˆi
〉
=
〈
Ξˆ0
〉
= δ (105)
which through the analysis of Section III leads to the conclusion that the expected sum
rules for the electron spectral function and for the electron number are indeed found in
the slave-fermion approach of the t-J model within the decoupling approximation. Using
Eq. (50) and our result fˆifˆ
†
i = 1 , one can also see directly that :
ne =
1
N
∑
i
(
∑
α
〈
bˆ†iαbˆiα
〉
)
〈
fˆifˆ
†
i
〉
= (1− δ) (106)
It is also important, with the expression of the electron operator :
cˆ†iα = bˆ
†
iα fˆi (107)
and using our results for the quantization, to found the exact electron number operator :
nˆi =
∑
α
cˆ†iαcˆiα =
∑
α
bˆ†iαfˆifˆ
†
i bˆiα =
∑
α
bˆ†iαbˆiα = 1− fˆ
†
i fˆi (108)
and to verify that :
[
cˆ†iα, cˆiβ
]
+
= bˆ†iαfˆifˆ
†
i bˆiβ + fˆ
†
i bˆiβ bˆ
†
iαfˆi = bˆ
†
iαbˆiβ + fˆ
†
i fˆi δαβ (109)∑
α
[
cˆ†iα, cˆiα
]
+
= 1 + fˆ †i fˆi (110)
effectively corresponding to the quantization of Eqs. (37) and (38).
We can now examine, as announced above, the structure of the Fock space at site
i. Apart from the three states |fi〉 = fˆ
†
i |0〉 and |biα〉 = bˆ
†
iα |0〉 , we have an infinite
number of states of the form either ‖fi〉 ≡ fˆ
†
i (Aˆ
†
i )
n |0〉 or ‖biα〉 ≡ bˆ
†
iα(Aˆ
†
i )
n |0〉 ,
where (Aˆ†i )
n are products of bˆ†iβ and fˆ
†
i . The constraint of Eq. (87), counting
only the last created particle, is satisfied for all these states. The particle content of
these states can be found using a basis of new commuting operators; for example one has
(bˆ†iαbˆ
†
iβ bˆiβ bˆiα) bˆ
†
iαbˆ
†
iβ |0〉 = bˆ
†
iαbˆ
†
iβ |0〉 . Nevertheless, the states | 〉 and ‖ 〉 share the
same properties concerning the electron operators :
cˆ†iα |fi〉 = |biα〉 cˆ
†
iα |biβ〉 = 0 cˆ
†
iαcˆiα |fi〉 = 0 cˆ
†
iαcˆiα |biβ〉 = δαβ |biβ〉
cˆ†iα ‖fi〉 = ‖biα〉 cˆ
†
iα ‖biβ〉 = 0 cˆ
†
iαcˆiα ‖fi〉 = 0 cˆ
†
iαcˆiα ‖biβ〉 = δαβ ‖biβ〉
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Thus, there is always either no electron or one electron at site i , as it is also expressed by
the relation cˆ†iαcˆ
†
iβ = bˆ
†
iα fˆi bˆ
†
iβ fˆi = 0 using Eq. (102) . In spite of the infinite dimension
of the Fock space at site i , the non double electron-occupancy at site i is well satisfied,
and furthermore it is equivalent for physical purposes to use only the sector of the three
states |fi〉 and |biα〉 .
Let us finally insist on the fact that we have now a systematic direct algebraic proce-
dure to find the expression in the slave-particle approach of any operator initially written
in terms of the electron operators. For instance, since using our result fˆifˆ
†
i = 1 one has :
cˆ†iαcˆiβ = bˆ
†
iαfˆifˆ
†
i bˆiβ = bˆ
†
iαbˆiβ (111)
we obtain directly the t-J model Hamiltonian of Eq. (2) in the slave-fermion representation:
Hˆ = t
∑
<ij>,α
(bˆ†iαfˆifˆ
†
j bˆjα + h.c.) + J
∑
<ij>
1
2(
∑
α,β
bˆ†iαbˆiβ bˆ
†
jβ bˆjα − nˆi nˆj) + µ
∑
i
fˆ †i fˆi − µN
(112)
with nˆi given by Eq. (108) , and where we have added the µ chemical potential term,
N being the number of lattice sites.
b) The slave-boson representation
The explicit quantization in the slave-boson representation of the t-J model proceeds
exactly in the same way, and we shall only give the following results expressed, at site i ,
by :
bˆi bˆ
†
i = 1 fˆiσfˆ
†
iτ = δστ bˆi fˆ
†
iσ = 0 fˆiσ bˆ
†
i = 0 (113)
or in other terms :[
bˆi, bˆ
†
j
]
−
= ( 1− bˆ†i bˆi ) δij
[
fˆiσ, fˆ
†
jτ
]
+
= ( δστ + fˆ
†
iτ fˆiσ ) δij (114)[
bˆi, fˆ
†
jσ
]
−
= − fˆ †iσ bˆi δij
[
fˆiσ, bˆ
†
j
]
−
= − bˆ†i fˆiσ δij (115)
We therefore directly recover in this case the expressions :
Θˆi = bˆ
†
i bˆi
〈
Θˆi
〉
=
〈
Ξˆ0
〉
= δ (116)
which through the analysis of Section III leads to the conclusion that the expected sum
rules for the electron spectral function and for the electron number are indeed found also
in the slave- boson approach of the t-J model within the decoupling approximation.
With the expression of the electron operator :
cˆ†iσ = fˆ
†
iσ bˆi (117)
and using our results for the quantization, let us also found the exact electron number
operator :
nˆi =
∑
σ
cˆ†iσ cˆiσ =
∑
σ
fˆ †iσ bˆibˆ
†
i fˆiσ =
∑
σ
fˆ †iσ fˆiσ = 1− bˆ
†
i bˆi (118)
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to be compared with the ambiguous result using the (incorrect) naive quantization : since
boson and fermion operators would commute in this naive quantization,
∑
σ cˆ
†
iσ cˆiσ could
either be written
∑
σ fˆ
†
iσfˆiσ bˆibˆ
†
i which using the slave- particle constraint and the naive
commutator of the boson would give ( 1− (bˆ†i bˆi)
2 ) , or be written
∑
σ bˆifˆ
†
iσ fˆiσ bˆ
†
i which
in the same way would give − (bˆ†i bˆi) ( 1 + (bˆ
†
i bˆi) ) .
Finally, since using our result bˆi bˆ
†
i = 1 one has :
cˆ†iσ cˆiτ = fˆ
†
iσ bˆibˆ
†
i fˆiτ = fˆ
†
iσ fˆiτ (119)
we obtain directly the t-J model Hamiltonian of Eq. (2) in the slave-boson representation:
Hˆ = t
∑
<ij>,σ
(fˆ †iσ bˆibˆ
†
j fˆjσ + h.c.) + J
∑
<ij>
1
2 (
∑
σ,τ
fˆ †iσ fˆiτ fˆ
†
jτ fˆjσ − nˆi nˆj) + µ
∑
i
bˆ†i bˆi − µN
(120)
with nˆi given by Eq. (118) , and where we have added the µ chemical potential term,
N being the number of lattice sites.
V - Generalization to a slave-boson approach of the Hubbard model
A slave-boson approach was introduced in Ref. [6] for the Hubbard model, i.e. without
neglecting the doubly occupied sites, and it was also claimed in Ref. [5] that the sum rule
of the electron number was still violated there. Let us show explicitly that it is not the
case if one uses our present quantization.
In Ref. [6] the electron operator was written in the finite-U Hubbard model as :
cˆ†iσ = fˆ
†
iσ bˆ1 i + σ bˆ
†
2 i fˆi (−σ) (σ = ±1) (121)
the bosons bˆ†1 and bˆ
†
2 describing respectively the empty and doubly-occupied states. The
slave particle constraint here is :
bˆ†1 ibˆ1 i + bˆ
†
2 ibˆ2 i +
∑
σ
fˆ †iσfˆiσ = 1 (122)
The explicit quantization of this slave-boson representation of the Hubbard model
proceeds in the same way as shown above for the slave-particle representation of the t-J
model, and we obtain the results at site i :
bˆαi bˆ
†
βi = δαβ fˆiσ fˆ
†
iτ = δστ bˆαi fˆ
†
iσ = 0 fˆiσ bˆ
†
αi = 0 (123)
or in other terms :[
bˆαi, bˆ
†
βj
]
−
= ( δαβ − bˆ
†
βibˆαi ) δij
[
fˆiσ, fˆ
†
jτ
]
+
= ( δστ + fˆ
†
iτ fˆiσ ) δij (124)[
bˆαi, fˆ
†
jσ
]
−
= − fˆ †iσ bˆαi δij
[
fˆiσ, bˆ
†
αj
]
−
= − bˆ†αifˆiσ δij (125)
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where α or β = 1, 2 and σ or τ = ±1 .
The electron field being gauge invariant, one verifies as above that at the classical
level one can use the initial brackets of the b ’s and f ’s to compute the Dirac brackets of
the electron field :
i
{
c†iσ, ciτ
}
= i
{
c†iσ, ciτ
}
∗
= δστ (126)
while at the quantum level our results give :
cˆ†iσ cˆiτ = fˆ
†
iσ fˆiτ + bˆ
†
2 ibˆ2 i δστ (127)
cˆiτ cˆ
†
iσ = στ fˆ
†
i(−τ)fˆi(−σ) + bˆ
†
1 ibˆ1 i δστ (128)
which effectively leads to : [
cˆiτ , cˆ
†
iσ
]
+
= δστ (129)
One has from Eq. (127) the expression of the exact electron number operator :
∑
σ
cˆ†iσ cˆiσ = 1− (bˆ
†
1 ibˆ1 i − bˆ
†
2 ibˆ2 i) (130)
Let us define ∆ as the average number of empty sites, d the average number of doubly
occupied sites and δ the hole doping concentration :
∆ =
〈
bˆ†1 ibˆ1 i
〉
d =
〈
bˆ†2 ibˆ2 i
〉
δ = ∆− d (131)
The total electron number per site is then correctly obtained from Eq. (130) as :
ne = (1− δ) (132)
Let us again emphasize that the expression of the Hamiltonian in the slave-particle
approach is obtained, using our results, through a direct algebraic procedure. Eqs. (127)
and (123) lead to :
nˆi+nˆi− = (fˆ
†
i+fˆi+ + bˆ
†
2 ibˆ2 i) (fˆ
†
i−fˆi− + bˆ
†
2 ibˆ2 i) = bˆ
†
2 ibˆ2 i (133)
and we obtain directly the Hubbard Hamiltonian of Eq. (1) with nearest-neighbor hopping
in the slave-boson representation of Eq. (121) :
Hˆ = t
∑
<ij>,σ
fˆ †iσ(bˆ1 ibˆ
†
1 j − bˆ2 ibˆ
†
2 j)fˆjσ + t
∑
<ij>
[ fˆ †i+fˆ
†
j−(bˆ1 ibˆ2 j + bˆ1 j bˆ2 i) + h.c. ]
+ U
∑
i
bˆ†2 ibˆ2 i + µ
∑
i
(bˆ†1 ibˆ1 i − bˆ
†
2 ibˆ2 i)− µN (134)
where we have added the µ chemical potential term, N being the number of lattice sites.
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The decoupling approximation for the Matsubara electron Green’s function in imagi-
nary time is here expressed by :
Eσ(r, τ) = − Fσ(r, τ) B1(−r,−τ) + F−σ(−r,−τ) B2(r, τ) (135)
On one hand, one obtains the sum rule for the electron spectral function within the
decoupling approximation :
∑
σ
∫ +∞
−∞
dω
2pi Aeσ(k, ω) (136)
= 1
N
∑
q
nb1(q)
〈∑
σ
[
fˆ(q+k)σ, fˆ
†
(q+k)σ
]
+
〉
+ 1
N
∑
q,σ
nfσ(q + k)
〈 [
bˆ1 q, bˆ
†
1 q
]
−
〉
+ 1
N
∑
q,σ
nfσ(q)
〈 [
bˆ2 (q+k), bˆ
†
2 (q+k)
]
−
〉
+ 1
N
∑
q
nb2(q + k)
〈∑
σ
[
fˆqσ, fˆ
†
qσ
]
+
〉
which using our quantization gives :
∑
σ
∫ +∞
−∞
dω
2pi Aeσ(k, ω) (137)
= ∆ (3−∆− d) + (1−∆− d) (1− d) + (1−∆− d) (1−∆) + d (3−∆− d) = 2
as it should be from Eq. (129) .
On the other hand, Eq. (135) gives the expression for the number of electrons in state
k within the decoupling approximation :
ne(k) =
1
N
∑
q,σ
[〈
fˆ †(q+k)σfˆ(q+k)σ
〉〈
bˆ1 q bˆ
†
1 q
〉
+
〈
bˆ†2 (q+k)bˆ2 (q+k)
〉〈
fˆqσfˆ
†
qσ
〉]
= 1
N
∑
q,σ
nfσ(q + k)
〈 [
bˆ1 q, bˆ
†
1 q
]
−
〉
+ 1
N
∑
q,σ
nfσ(q + k) nb1(q) (138)
+ 1
N
∑
q,σ
nb2(q + k)
〈 [
fˆqσ, fˆ
†
qσ
]
+
〉
− 1
N
∑
q,σ
nb2(q + k) nfσ(q)
Using our results for the quantization of the b1 boson and the f fermion, one obtains :
ne(k) = (1−∆)
2−d2+2d + 1
N
∑
q,σ
nfσ(q + k) nb1(q) −
1
N
∑
q,σ
nb2(q + k) nfσ(q) (139)
from which we indeed get the expected sum rule of the electron number :
1
N
∑
k
ne(k) = (1−∆+ d) = (1− δ) (140)
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This last result also directly follows from Eq. (135) :
ne =
1
N
∑
i
〈
bˆ1 ibˆ
†
1 i
〉
(
∑
σ
〈
fˆ †iσ fˆiσ
〉
) + 1
N
∑
i
(
∑
σ
〈
fˆiσ fˆ
†
iσ
〉
)
〈
bˆ†2 ibˆ2 i
〉
= 1 (1−∆− d) + 2 d = (1− δ) (141)
using the results of our quantization, instead of :
(1 + ∆) (1−∆− d) + (2− (1−∆− d)) d = (1−∆2 + d2)
using the (incorrect) naive quantization of Refs. [5] and [6] .
VI - Conclusions
In this paper, we have first presented at the classical level the consistent Hamiltonian
formulation of models having a slave-particle constraint for their fields. Due to this con-
straint, the naive canonical relations are replaced by modified canonical relations which
are compatible with the constraint. This is achieve through the use of Dirac brackets, after
fixing the gauge generated by the slave-particle constraint.
We have then shown at the quantum level, for the slave-fermion and the slave-boson
representations of the t-J model and for a slave- boson representation of the Hubbard
model, that a consistent quantization of these modified canonical relations changes the
naive sum rules for the slave particles. These naive sum rules used in Ref. [5] were there
shown to lead to difficulties in these slave-particle approaches for the t-J and Hubbard
models, coming from the fact that the sum rule of the electron number was violated within
a decoupling approximation. On the contrary, we find that, using our quantization and
modified sum rules for the slave particles, the sum rule of the electron number is in fact
well obeyed. On the other hand, we obtain a systematic direct algebraic procedure to find
the exact expression in a slave-particle approach of any operator, e.g. the Hamiltonian,
initially written in terms of the electron operators.
We thus show that one has to be careful about the canonical relations when using
a direct quantum operator approach for slave-particle theories. Of course we are not
concerned for these theories neither with the functional integral approach nor with the
Abrikosov [14] method used in some slave-particle theories [15].
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Appendix
In this Appendix, we show how the brackets of Eq. (7) and the first class constraints
of Eq. (8) are obtained and we present the expression of the corresponding Hamiltonian.
Let us consider the classical Lagrangian (written in real time) for n bosons bα and
m fermions fσ (Grassmann variables) on a lattice :
L = i12 (λ+ 1)
∑
i,α
b†iα∂tbiα + i
1
2(λ− 1)
∑
i,α
∂tb
†
iαbiα
+ i12 (λ
′ + 1)
∑
i,σ
f †iσ∂tfiσ + i
1
2(λ
′ − 1)
∑
i,σ
∂tf
†
iσfiσ (A1)
+ X(b†, b, f †, f) +
∑
i
Λi (
∑
α
b†iαbiα +
∑
σ
f †iσfiσ − 1 )
the Lagrangian of Eq. (5) being obtained for λ = λ′ = 1 . The canonical momenta are
then :
b¯iα = i
1
2
(λ+ 1) b†iα b¯
†
iα = i
1
2
(λ− 1) biα
f iσ = − i
1
2
(λ′ + 1) f †iσ f
†
iσ = i
1
2
(λ′ − 1) fiσ Πi = 0 (A2)
The canonical graded (see Eq. (9)) Poisson brackets, the non zero ones being :
{
biα, b¯jβ
}
=
{
b†iα, b¯
†
jβ
}
= δij δαβ{
fiσ, fjτ
}
=
{
f †iσ, f
†
jτ
}
= − δij δστ {Λi,Πj} = δij (A3)
are however not compatible with the expressions of the canonical momenta. Following the
general procedure of Dirac [7], one has to consider here as Hamiltonian :
H1 = −X(b
†, b, f †, f)−
∑
i
Λi (
∑
α
b†iαbiα +
∑
σ
f †iσfiσ − 1 )
+
∑
i,α
(Biαuiα + u
†
iαB
†
iα) +
∑
i,σ
(Fiσviσ + v
†
iσF
†
iσ) +
∑
i
Πiwi (A4)
where the u , u†, v , v†, w are unknown (at this stage independent of the fields and of
the canonical momenta) coefficients and where :
Biα ≡ b¯iα − i
1
2
(λ+ 1) b†iα B
†
iα ≡ b¯
†
iα − i
1
2
(λ− 1) biα Πi
Fiσ ≡ f iσ + i
1
2
(λ′ + 1) f †iσ F
†
iσ ≡ f
†
iσ − i
1
2
(λ′ − 1) fiσ (A5)
are primary constraints which are weakly zero, meaning that one has to set the constraints
only after computing all the brackets. In order to have a consistent system, we require the
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time derivatives of these primary constraints to be weakly zero ( ≈ 0 ), which gives :
{Biα, H1} =
∂X
∂biα
+ Λib
†
iα − i u
†
iα ≈ 0
{
B†iα, H1
}
=
∂X
∂b†iα
+Λibiα + i uiα ≈ 0 (A6)
{Fiσ, H1} =
∂X
∂fiσ
− Λif
†
iσ + i v
†
iσ ≈ 0
{
F †iσ, H1
}
=
∂X
∂f †iσ
+Λifiσ − i viσ ≈ 0 (A7)
{Πi, H1} =
∑
α
b†iαbiα +
∑
σ
f †iσfiσ − 1 ≡ Φi ≈ 0 (A8)
Eqs. (A6) and (A7) determine the u , u†, v , v† and Eq. (A8) gives the slave-particle
constraint which appears as a secondary constraint. Repeating the process, we require the
time derivative of this secondary constraint to be weakly zero, which gives :
{Φi, H1} =
∑
α
(b†iαuiα + u
†
iαbiα) +
∑
σ
(− f †iσviσ + v
†
iσfiσ) ≈ 0 (A9)
Using the expressions of the u , u†, v , v† given by Eqs. (A6) and (A7), the Eq. (A9)
reads : ∑
α
(b†iα
∂X
∂b†iα
−
∂X
∂biα
biα) +
∑
σ
(f †iσ
∂X
∂f †iσ
+
∂X
∂fiσ
fiσ) = 0 (A10)
which is identically satisfied if X is a function of b†b and f †f .
One recall that a quantity is called first class if its bracket with each of the (primary
and secondary) constraints is weakly zero, and second class if at least one of these brackets
is not weakly zero. Πi is then first class, while our other constraints are a priori second
class since : {
Biα, B
†
jβ
}
= − i δij δαβ
{
Fiσ, F
†
jτ
}
= − i δij δστ (A11)
{Biα,Φj} = − b
†
iαδij
{
B†iα,Φj
}
= − biαδij (A12)
{Fiσ,Φj} = + f
†
iσδij
{
F †iσ,Φj
}
= − fiσδij (A13)
However, the following linear combination of these second class constraints :
Ψi ≡ Φi + i
∑
α
(− Biαbiα + b
†
iαB
†
iα) + i
∑
σ
(Fiσfiσ + f
†
iσF
†
iσ) (A14)
= i
∑
α
(− b¯iαbiα + b¯
†
iαb
†
iα) + i
∑
σ
(f iσfiσ − f
†
iσf
†
iσ)− 1 (A15)
(which is weakly equal to Φi ) can be verified to be first class.
Thus, Πi and Ψi are first class; and Biα , B
†
iα , Fiσ and F
†
iσ (which are such that no
linear combination of them is first class) are second class. Defining ϕ1 ≡ Biα , ϕ2 ≡ B
†
iα
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, ϕ3 ≡ Fiσ , ϕ4 ≡ F
†
iσ , the matrix Cab ≡ {ϕa, ϕb} is non singular. Systematic use of the
standard Dirac bracket [7] of two quantities A and B :
{A,B}D ≡ {A,B} −
∑
a,b
{A,ϕa} (C
−1)ab {ϕb, B} (A16)
then allows to set all these second class constraints strongly to zero because the Dirac
bracket of anything with a second class constraint vanishes.
One then finds the following results :{
b¯†iα, b
†
jβ
}
D
= 12 (λ− 1) δij δαβ
{
b¯iα, bjβ
}
D
= −12 (λ+ 1) δij δαβ (A17){
b¯†iα, b¯jβ
}
D
= i14 (λ
2 − 1) δij δαβ
{
biα, b
†
jβ
}
D
= − i δijδαβ (A18){
f
†
iσ, f
†
jτ
}
D
= 12(λ
′ − 1) δij δστ
{
f iσ, fjτ
}
D
= −12(λ
′ + 1) δij δστ (A19){
f
†
iσ, f jτ
}
D
= − i14(λ
′ 2 − 1) δij δστ
{
fiσ, f
†
jτ
}
D
= − i δijδστ (A20)
{Λi,Πj}D = δij (A21)
Since we can now set the second class constraints strongly to zero, i.e. use the expressions
of b¯iα , b¯
†
iα , f iσ , f
†
iσ given by Eqs. (A2), a choice of independent non zero canonical
relations is :{
biα, b
†
jβ
}
D
= − i δijδαβ
{
fiσ, f
†
jτ
}
D
= − i δijδστ {Λi,Πj}D = δij (A22)
which are those of Eq. (7) of Section II where we have drop for convenience the subscript
D . Let us note that the parameters λ and λ′ of the Lagrangian (A1) no longer appear,
and can thus, as usual, be taken as unity in the Lagrangian.
At this stage, the Hamiltonian is :
H2 = −X(b
†, b, f †, f)−
∑
i
Λi (
∑
α
b†iαbiα +
∑
σ
f †iσfiσ − 1 ) +
∑
i
Πiwi (A23)
and one now has to deal, as shown in Section II, with the first class constraints :
Φi ≡
∑
α
b†iαbiα +
∑
σ
f †iσfiσ − 1 ≈ 0 Πi ≈ 0 (A24)
Let us note that we have consistently for example {biα, H1} = {biα, H2}D since :
{biα, H1} = uiα (A25)
{biα, H2}D = i
∂X
∂b†iα
+ iΛibiα (A26)
which are indeed equal using Eq. (A6) .
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